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1 Entropy production

The forward trajectory r(t) and θ(t) uniquely characterize the realization of the noise through

η(t) =
ṙ(t)− v0u(θ(t))√

2D
(1)

For the reversed trajectory rr(t) = r(tf − t), θr(t) = θ(tf − t) to be observed, the surrounding
fluid molecules have to produce a different noise

ηr(t) =
ṙr(t)− v0u(θr(t))√

2D
=
−ṙ(tf − t)− v0u(θ(tf − t))√

2D
= −η(tf−t)−

2v0u(θ(tf − t))√
2D

(2)

To characterize the irreversibility of the process it is useful to note that the probability of a trajec-
tory is given by its Onsager-Machlup form 1, 2

P [{r(t), θ(t)}] = Z−1P [{θ(t)}|θ0] exp
[
− 1

4D

∫ tf

0

dt[ṙ(t)− v0u(θ)]2
]
P0(r0, θ0) (3)

where P [{θ(t)}|θ0] is the probability of the realization of θ(t) starting from θ0, P0 is the probability
of the initial condition, and Z−1 is a normalization. Note that, for fully randomizing tumbles,
P [{θ(tf−t)}|θf ] = P [{θ(t)}|θ0]. Taking the logarithm of the ratio between forward and backward
trajectories yield the corresponding ‘path-wise entropy production’ 3 (See also 4, 5 for more general
results on Markov processes and 6 for discussions of related ideas in the context of dynamical
systems):

Σ̂[{r(t), θ(t)}] ≡ log
P [{r(t), θ(t)}]

P [{r(tf − t), θ(tf − t)}]
=
µ

D

∫ tf

0

dtṙ · fp + log
P0(r0, θ0)

Pf (rf , θf )
, (4)

where Pf (rf , θf ) is the probability of being at rf ≡ r(tf ) and θf ≡ θ(tf ) given that the initial
condition was sampled according to P0.
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2 Self-consistency of the effective temperature regime

Let us consider the self-consistency of Eq. (10) of the main text in the presence of a confining
potential. Close to the minimum x0 of the potential, the condition v0 � µV ′(x) trivially holds.
Let us expand the distribution given in Eq. (11) of the main text around x0. It is then given by a
locally Gaussian distribution

P (x) ∼ exp

[
−V

′′(x0)(x− x0)2

2Teff

]
(5)

This predicts a typical displacement xt ∼
√
Teff/V ′′(x0) which in turn leads to a typical force that

scales as V ′(xt) '
√

τv20V
′′(x0)

µ
, where we have used Teff = v2

0τ/µ. The condition v0 � µV ′(x)

then becomes µV ′′(x0)τ � 1: the typical time between two tumbles has to be much shorter than
the relaxation time inside the potential well.

3 Non-locality of the steady-state distribution

Consider the effective potential given in Eq. (11) in the main text. Its non-local nature becomes
apparent if one adds a localized perturbation δV (x) = εδ(x−y), centered around y, to the potential
V (x). The effective potential Veff(x) then picks up a contribution due to δV , because of the term∫ x V ′(y)2V (3)(y)dy

2
. To linear order in ε, it reads

δVeff(x) =
ετ 2

2
[(V ′(y)2)(3) + 2V ′′(y)V (3)(y) + 2V ′(y)V (4)(y)]Θ(x− y) , (6)

which adds a global step to the density profile at x = y.

4 Self-propelled ABPs interacting via a Lennard-Jones potential

We consider N active Brownian particles evolving in two space dimensions under the dynamics:

ṙi = v0u(θi)−
∑
j

∇V (ri − rj) +
√

2Dtηi θ̇i =
√

2Drξi (7)

where ηi and ξi are independant Gaussian white noises, and V is the Lennard-Jones potential

V (r) = 4ε

(
σ12

r12
− σ6

r6

)
. (8)

Interactions between particles are truncated at |r| = 2.7σ and we used periodic boundary con-
ditions. Figure 5a in the main text was obtained using σ = 0.37, T = 0.4 and Dr = 2. The
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phase-separated regions were found by running simulations for ρ0 = 2.5σ2 (v0 < 8) and ρ0 = 4σ2

(v0 > 8) in systems of line sizes L = 80 up to t = 2 000, where ρ0 is the rescaled number density
ρ0 ≡ Nσ2/L2. The symbols correspond to estimates of the coexisting densities. The latter were
obtained from the local maxima of histograms of the density field, constructed using bins of linear
size 4.
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